The convergence of the electrostatic energy in calculations using periodic boundary conditions is considered in the context of periodic solids and localized aperiodic systems in the gas and condensed phases. Conditions for the absolute convergence of the total energy in periodic boundary conditions are obtained, and their implications for calculations of the properties of polarized solids under the zero-field assumption are discussed. For aperiodic systems the exact electrostatic energy functional in periodic boundary conditions is obtained. The convergence in such systems is considered in the limit of large supercells, where, in the gas phase, the computational effort is proportional to the volume. It is shown that for neutral localized aperiodic systems in either the gas or condensed phases, the energy can always be made to converge as O(L ') where L is the linear dimension of the supercell. For charged systems, convergence at this rate can be achieved after adding correction terms to the energy to account for spurious interactions induced by the periodic boundary conditions. These terms are derived exactly for the gas phase and heuristically for the condensed phase.
For periodic systems, a calculation on one unit cell can yield all the information that may be obtained. In an aperiodic system, there is no periodic unit cell. Instead the calculation is performed on a portion of the system of interest contained in a supercell, which is then periodically repeated in space for calculational convenience. Only in the limit of an infinitely large supercell do the calculated results converge to the properties of the aperiodic system. If the aperiodicity is local (e.g. , a localized defect in a solid, a molecule in a gas), then the difference between results obtained using any finite-sized supercell and those obtained in an infinitely large supercell arises from the spurious interactions of the system with its images in neighboring supercells. If the aperiodicity exists at all length scales, as in the case of a random solid, then, in addition to the above, the energy will Auctuate statistically about its expected value. In this paper we consider only the first of these two possibilities.
Since the results required in a calculation of an aperiodic system are obtained only in the limit L - +~, where L is the linear dimension of the supercell, it is necessary to consider their convergence. This can depend on the quantity being calculated. In practice, it is often sufricient to consider the convergence of the energy as all the other properties are determined through the variational principle. The convergence of the energy, as the size of the supercell is increased, is determined by the longest-ranged forces, which in general are the electrostatic forces. In solids, the elastic forces can also be long ranged and in principle can be treated similar to the electrostatic forces by the methods described below. The convergence will be determined by the contributions of distant shells (large~l ) to the sum. In this limit, the asymptotic form of the summand in Eq. (2) is well known to be' q"P"(cose}~l~' "+ 'I, (4) where n is determined by q", which is the lowest nonzero multipole of the charge distribution p (defined as the nth radial moment of the charge distribution). P"are the Calculation of the energy of a charged system is of interest for ions or charged impurities in crystalline solids.
However, the energy of a periodically repeated electrically charged system diverges. For an aperiodic system, practical interest is restricted to the limit of an infinitely large supercell, which contains the charged system. This limit is identical to that obtained from a similar system, which consists of the original charged system immersed in a jellium background which fills the supercell and neutralizes the charge, so that the net charge is zero. For this new system, the calculation can proceed as discussed in the previous section. The energy of the unit cell in this calculation will converge slowly, reAecting the decreasing interaction between the charge species and the jellium background as the supercell is taken to be larger and larger. This convergence will have the form of a power law in L, and in this section we obtain the asymptotic method, ' using pseudopotentials to represent the core electrons and the nuclei, periodic boundary conditions, and a plane-wave representation of the electron wave functions. ' The supercell was chosen to have a cubic geometry and the molecule was located at the center of the cube. The calculations were performed using the program cASTEP, the principles of which have been described elsewhere. ' The calculation was performed both with the dipolar term in the electrostatic energy functional and without. Therefore, we expect the results to converge as 0(L ) and 0(L ), respectively. The results are shown in Fig. 2 (14) where V, =L for a cube. The asymptotic result for the total electrostatic energy of a charged species on a cubic lattice is vergence parameter g -+0, i.e. , in the limit of a lattice sum over the lattice vectors I. The leading term in this interaction is between the point charge q and the quadrupole (second radial) moment of p2, Q. If the lattice is chosen to be simple cubic, then this interaction vanishes for the same symmetry reasons as discussed for the dipole-dipole interaction at Eq. (10) above. The interaction of the jellium with pz can be considered in the opposite limit of q~~, which means a lattice sum over the reciprocal vectors g. The jellium has no spatial structure and, therefore, only the g=O contribution to the potential (see Appendix) need be considered. This leads to the L dependent contribution
where Q is the quadrupole moment given by the integral in Eq. (14) and Eo is the desired electrostatic energy of the isolated species.
An example illustrating the size dependence of the energy on cell size in Eq. (15) is shown in Fig. 3 . The ionization energy of an Mg atom has been calculated by the methods described above using the electrostatic energy of Eq. (8) . Also shown are the convergence after the application of the Madelung correction of Eq. (12) 
C. Aperiodic system in condensed matter
Consider first a localized (point) defect in a crystalline solid. In this case, the charge density can be considered to be the sum of two contributions -the periodic charge density of the underlying crystalline solid p (r), and the charge density of the aperiodic defect p,z(r); The aperiodic density p, (r) will be a localized charge density similar to a molecular density. The electrostatic energy can then be considered to be the sum of the interactions between (i) the periodic charge density and itself, which is independent of L; (ii) the periodic and aperiodic charge densities, which is also independent of L (and equal to the interaction of a single isolated aperiodic density with an infinite periodic density); and (iii) the aperiodic densities located in different supercells, which is L dependent. Note that the periodic part of the density must fulfil the conditions of Sec. II, namely, it should not contribute a net charge in the unit cell or a net dipole. It is reasonable to assume that this model will be valid for modeling any species in a condensed phase that is homogeneous beyond some length scale (e.g. , an ion in a solution).
What is the asymptotic dependence of the aperiodic density and its multipoles on the supercell dimensions?
The aperiodic density depends on L through two mechanisms. One mechanism, as in the case of the isolated molecule, is changes in the charge distribution induced by interactions of the aperiodic charge with its images. The convergence with L of this case has been discussed above, and was found to converge faster than O(L ). The other source of L dependence in p, is the dielectric response of the periodic medium to the aperiodic density.
The asymptotic term arising from this response cannot be obtained by the methods used above for the isolated molecule as it involves the induced charge density, which implies nonelectrostatic contributions to the energy. Instead, the phenomenological approach of Leslie and Cxil- (r -r') Note that the entire singularity in s is contained in the third term on the right-hand side of (A9). Expanding the third term for the case of small s, we obtain V, g 3V, x +O(s) .
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